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General framework

@ Let P be a collection of probability distributions on some
measurable space. Throughout this talk we will take this
space to be the integers N with the usual o-field.

@ We observe Xi, Xo,... drawn i.i.d. with distribution p € P.
However, we do not know which p is in effect.

@ At some time we make a decision (decide some predicate is
satisfied). We may be wrong with some nonzero probability.

@ Satisfying the predicate may also involve active participation
of the observer, e.g. using some algorithm .
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Strong, weak and data-derived weak

@ If the time at which we decide that the predicate holds is
uniform over all p € P, the class P is strongly amenable to
the predicate.

o If, for every p € P, there is a time at which the predicate is
satisfied, the class P is weakly amenable to the predicate.

@ We propose a novel notion of what it means for the class P to
be data-derived weakly amenable to the predicate. Basically,
the time at which we decide the predicate holds should be
based on the observed data.

@ More generally, these notions are applied to scenarios where
there are multiple predicates.
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Motivating context

@ The loss distribution is assumed to be a
member of a class P but otherwise not
known to the insurer. We assume i.i.d.
losses over time.

Insurer

@ The premium setting strategy should work
universally over loss distributions in this
class

@ The insurer can observe losses for a while
before deciding to write a contract.

@ We ask: which classes P are insurable?
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Insurability as tail domination

@ A tail domination strategy is a sequence of functions
® = (®,,n>0), where ¢, : R" - R,.

@ Intuitively, the aim is to make sure that for all n, after an
initial observation period, we will have, with only a small
probability of error,

(D,,(Xl, ce Xn) > Xn+1.

@ Insurability is basically equivalent to tail domination, except
that the insurer needs to adjust its premiums to correct for
the built up excess from past premiums after claims have been
paid out.
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Strong insurability of P

@ P is called strongly insurable if, for every n > 0, there exists a
tail domination strategy ®7 := (®5.n > 0) and a time
no(n, ®7) such that, for all p € P, we have

Py ( there exists n > no(n, ®7) such that ®7(Xy,..., X,) < Xoy1) < 1.
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Characterizing strong insurability

o P is called tight if, for every ¢ > 0, there is some K¢ < co
such that
p(X > K) < eforall peP.

@ Tightness implies strong insurability.

@ Tightness is not necessary for strong insurability.
Example: Let P be the collection of uniform distributions on
{1,...,2N} for N > 1, call these uy.

]‘ n
Pun( oz Xi < M) = (5)"

@ Observe n := [log, %1 samples, then set the tail dominator to
2maxi<j<n Xi + L.
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Weak insurability of P

@ P is called weakly insurable if, for every 1 > 0, there exists a
tail domination strategy ®” := (®}}.n > 0) such that, for every
p € P, there exists a time ng(n, ", p) such that

P,( there exists n > no(n, ®", p) such that (X1, ..., X,) < Xp1) < 1.
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Characterizing weak insurability

@ Recent results of Chonglong Wu and Narayana Santhanam
indicate that if P is a countable union of tight classes then P
is weakly insurable.
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Data-derived weak insurability of P

o Let N* denote the set of all finite strings of integers (including
the empty string).

@ A stopping rule is a map 7 : N* — {0, 1} such that
(i) If 7(x) =1 and x is a prefix of y then 7(y) = 1.
(ii) Po(7(X"™) is eventually equal to 1) =1 for all p € P.

@ P is called data-derived weak insurable if, for every n > 0,
there is a tail domination strategy " := (¢}, n > 0) and
stopping rule 77 such that

Po(®7(Xq,. .., Xp) < Xypq1 for some n such that 77(Xy,..., X,) =1) <.
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Characterizing data-derived weak insurability.

@ A probability distribution p € P is called deceptive for tails if
the intersection of every open /'-neighborhood of p with P is
not tight .
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@ SUP3|| g € P in the neighborhood of p € P
1 — ) percentile of g bounded?

Above statement true for all §7

@ Theorem: P is data-derived weak insurable iff each p € P is
not deceptive for tails.

@ Narayana Santhanam and VA, “Agnostic insurability of model
classes”, JMLR, pp. 2329 -2355, 2015.
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Technical ingredients in the proof

o Let

p+q p+q
) —)-

J(p,q) :== D(pll—— 5

+ D(q||

where

D(pllq) : }:P)bg

@ For any two probability distributions p and g on N, we have

lp—qlf <J(p,g) < —=lp—ql -

41n2 _In2

@ For any three probability distributions p, g, r € N we have

In2
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Sketch of proof of sufficiency

@ Each p € P has an open ['-neighborhood of positive radius
€p, called its reach such that, for all percentiles 1 — 9, there is
a universal upper bound on the 1 — § percentile of all g € P
lying in the reach of p.

@ Since /' is a separable metric space, it is Lindeldf, so one can
cover P by a countable union of reaches, enumerated in some
way.

@ When p € P is in effect, the insurer computes the type
(empirical distribution) of the observed losses as time
progresses. This will eventually enter the union of this
countable collection of reaches.

@ The decision that needs to be made is whether to allow
oneself to be trapped by a reach.
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Good traps

T‘}&S ,ﬁ («3th 461/

Types captured by p’ will not harm p if p is within the reach of p’.
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Bad traps

Tﬂ‘tﬁ ,{ (uaﬂwv\ 9!'0

p generates types captured by hostile p’ —but such types have low
probability

Putting these together gives a constructive proof for the sufficiency
condition
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Examples

If P is:

The set of all finite support distributions, then it is not
insurable

The set of all uniform distributions, then it is insurable

The set of all monotone distributions (with finite entropy),
then it is not insurable

The set of all distributions with a uniformly bounded mean,
then it is insurable

The set of all distributions with a finite mean, then it is not
insurable
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Strong, weak and data-derived compressibility

@ We restrict attention to classes of probability distributions P
on N comprised of probability distributions with finite entropy.

@ We introduce a novel notion of data-derived weak
compressiblity .
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Strong compressibility of P

@ P (comprised of probability distributions with finite entropy)
is called strongly compressible if there exists a probability
measure g on NV such that

p(X")
lim sup su IE lo =
n%oop pe’g g (Xn)

e Equivalently, for all ¢ > 0 and all n > 0, there exists a
probability measure g©" on NN and ng(e,n, ") such that, for
all n > no(e,n, ") and all p € P, we have

p(x")

Po( Z p(x") log o) > ¢ for some n > ng(e,n,q")) <n
XHEN"

@ The introduction of 1) here is meaningless, but is done for
future reference
@ The equivalence of a single g to multlple g®" comes from

considering 3, ~1 51 7k(k+1),(l+1)q2
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Weak compressibility of P

@ P (comprised of probability distributions with finite entropy)
is called weakly compressible if there exists a probability
measure g on NV such that, for each p € P, we have

1 p(X")
limsup —E, lo =0.
mone n 7S g(X)

o Equivalently, for all ¢ > 0 and all n > 0, there exists a
probability measure g©" on NN such that, for all p € P, there
exists no(€e,n, %", p) such that, for all n > ng(e,n, g, p), we
have

P S p(x")log 2O

x"eNn q(x”)

~—

> ¢ for some n > no(e, n,q°", P)) <.

@ The introduction of 7 here is meaningless.
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Data-derived weak compressibility of P

o Let N* denote the set of all finite strings of integers (including
the empty string).

@ A stopping rule is a map 7 : N* — {0, 1} such that
(i) If 7(x) =1 and x is a prefix of y then 7(y) = 1.
(ii) Pp(7(X"™) is eventually equal to 1) =1 for all p € P.

@ P (comprised of probability distributions with finite entropy)
is called data-derived weakly compressible if for all ¢ > 0 and
all p > 0, there exists a probability measure g7 on NY and a
stopping rule 769" such that, for all p € P, we have

Po S p(x)log 22

= q(x")

>efornst. 79197 (Xy, ..., X,) =1) <.
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Characterizing data-derived weak compressibility

@ p € P is called deceptive for compression if, for all probability
measures g on NN, we have

1 (X"
limlimsup sup —E, log A n) >0,
e—0 pnooo p'€B(p,e) n q(X )

where B(p, €) denotes the intersection open /1-ball of radius ¢
around p with P.

@ Here P is assumed to be comprised of probability distributions
on N with finite entropy.

@ Theorem*: (with Narayana Santhanam, Wojtek Szpankowski
and Aleksandr Kavcic)
P is data-derived weakly compressible iff no p € P is
deceptive for compression.

e Waiting (for five years already and still counting) for Narayana
Santhanam to write the journal paper.
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Proofs

o For the sufficiency proof, assume that each p € P is not
deceptive for compression.

@ Then, for each p € P, there is some probability measure g, on
NN such that, for all § > 0, there is some €, 5 > 0 and n(p, J)
such that, for all n > ng(p, d) and all p’ € B(p, €p5), we have

1 p'(X")
—E, lo
n P08 gp(X)

<4

@ What this means is that treating g, as the compression
measure for all p’ € B(p, €p,5) is good enough to get
compression redundancy less than J.

@ Hence, for a given § > 0 we define ¢, 5 as above to now be
the reach of p € P.

@ The proof is then somewhat different from, but of the same
flavor as, the proof of sufficiency for the insurability theorem.
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Examples

If Pis:

The set of all uniform distributions, then it is d.w.c. but it is
not strongly compressible.

The set of all distributions with a finite mean, then it is
weakly compressible but it is not d.w.c..

The set of all monotone distributions with finite entropy, then
it is weakly compressible but it is not d.w.c..

The set of all monotone distributions with finite entropy, and
with the uniformly bounded second moment of the self
information, i.e. E,[(log ﬁ)z] < h < o0, then then it is
strongly compressible.
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Rademacher complexity

o Let ACR"
o Leteg,... e, beiiid. uniform {£1}-valued random variables.

o E.[sup,ca > iq€iai] is called the Rademacher complexity of
the set A.

o Note that sup,ca Y i ; €iaj is sub-Gaussian with parameter
n 2
43 =1 SUPaeA 3 -



Learning

Glivenko-Cantelli class of functions

@ Let F be a countable collection of [0, 1]-valued functions on a
standard measurable space (X, X).

@ Let p be a probability distribution on (X, X).

o If X1,..., X, are i.i.d. with law p, we write p, for their
empirical distribution.
(Note that p, is a random variable.)

o ||pn — p|lF denotes supser |2 S0 F(X;) — Ep[f(X)]|- This is
sub-Gaussian with parameter %

o If |pn— pll~ £ 0asn— oo we say that p verifies a uniform
law of large numbers (uniformity is over F, but p is fixed).
and F is then called a weak Glivenko-Cantelli class of
functions for p.

o If |[pn — pllx 23 0 as n — oo then F is then called a strong
Glivenko-Cantelli class of functions for p.
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Rademacher complexity of F with respect to p

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X), and p be a probability distribution on (X, X).
o Let er,..., €, beiid. uniform {£1}-valued random variables.
o If Xq,..., X, are i.i.d. with law p, consider
{(F(X1), ..., f(X))" € R"}, and let

n

Rady(F.p) 1= EElsup 1 S cif (X))
€ i=1

(Note the normalization by 1.)
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Rademacher complexity and Glivenko Cantelli classes

1
ERad,,(]:, p) — < Epllpn — pllF < 2Radn(F, p)

o Since ||p, — p||# is sub-Gaussian with parameter 1, we have,
for all 6 > 0,

Epllpn = pll7 = 6 < |lpn — Pl < EpllPn — pll7 + 6,

with probability at least 1 — 2 exp(—242n).

@ Hence F is a strong Glivenko Cantelli class for p iff
Rad,(F, p) — 0 as n — oc.

@ Also, since ||pn — p||# < 2 under our assumptions, if

P
llpn — pll7 — 0 as n — oo, we have Rad,(F,p) — 0 as
n — 0o. Thus we will not need to distinguish between weak
and strong Glivenko-Cantelli classes under our assumptions.
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Uniform Glivenko-Cantelli class of functions

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X).

@ F is called a uniform Glivenko-Cantelli class of functions if,
for all € > 0, we have

sup Pp(llpn — pll7 > €) = 0
P

as n — oo

e Equivalently, for all € > 0 and n > 0, there is ng(e,n) such
that, for all p, we have

Pollpn — pll7 = €) <, for all n > mo(e, ).

@ Notice the strong sense in which the predicate is satisfied.
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Universal Glivenko-Cantelli class of functions

@ Let F be a countable collection of [0, 1]-valued functions on
N.

@ F is called a universal Glivenko-Cantelli class of functions if it
is a Glivenko-Cantelli class for each probability distribution p
on N.

e Equivalently, for all ¢ > 0 and 1 > 0, and all p, there is
no(€,n, p) such that

Po(llpn — pllF = €) < for all n = no(e, n, p)-

@ Notice the weak sense in which the predicate is satisfied.
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P admitting F as a Glivenko-Cantelli class in the strong
sense

@ Let P be a collection of probability distributions on (X, X').

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X).

@ We say that P admits F as a Glivenko-Cantelli class in the
strong sense if, for all € > 0, we have

sup Py(||pn — pll7 > €) = 0
pEP

as n— oo

e Equivalently, for all e > 0 and > 0, there is ng(e, n) such
that, for all p € P, we have

Po(llpn — pllF > €) < n for all n > ng(e, n).
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Characterizing P that admit F as a Glivenko-Cantelli class

in the strong sense

@ P admits F as a Glivenko-Cantelli class in the strong sense iff

sup Rad,(F,p) — 0
peP

as n — 0.
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P admitting F as a Glivenko-Cantelli class in the weak
sense

@ Let P be a collection of probability distributions on (X, X).

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X).

@ We say that P admits F as a Glivenko-Cantelli class in the
weak sense if F is a Glivenko-Cantelli class for each p € P.

e Equivalently, for all ¢ > 0 and n > 0, and all p € P, there is
no(€,n, p) such that

Po(llpn — pll7 > €) < n for all n > ng(e, n, p).
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Characterizing P that admit F as a Glivenko-Cantelli class
in the weak sense

@ P admits F as a Glivenko-Cantelli class in the weak sense iff,
for all p € P, we have

Rad,(F,p) — 0

as n — oQ.
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P admitting F as a Glivenko-Cantelli class in the
data-derived weak sense

@ Let X* denote the set of all finite strings of elements from X
(including the empty string).

@ A stopping rule is a map 7 : X* — {0,1} such that
(i) If 7(x) =1 and X is a prefix of y then 7(y) = 1.
(i) Pp(7(X™) is eventually equal to 1) =1 for all p € P.

@ We say that P admits F as a Glivenko-Cantelli class in the

data-derived weak sense if, for all § > 0 and n > 0,there is a
stopping time 7" such that, for all p € P, we have

Po(Py(|lpa—pll7) < & for all nsuch that 7%7(Xy, ..., X,) = 1) > 1.

e If the collection of all probability distributions on (X, X")
admits F as a Glivenko-Cantelli class in the data-derived weak
sense, we say that F is a Glivenko-Cantelli class in the
data-derived weak sense.
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Characterizing P that admit F as a Glivenko-Cantelli class
in the data-derived weak sense

@ p € P is called deceptive for F if we have

lim limsup sup Rad,(F,q) > 0.
020 n—oo geB(p,s)

P admits F as a Glivenko-Cantelli class in the data-derived weak sense iff
no p € P is deceptive for F.
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Proofs

@ For the sufficiency proof, assume that each p € P is not
deceptive for F.

@ Then, for each p € P, for every § > 0 there is some ¢, 5 > 0
and ng(p, 0) such that, for all n > ng(p,d) and all
q € B(p,eps), we have

Rad,(F, q) < 0.

@ What this means is that the empirical distribution of the
observations will be within § of the driving distribution,
uniformly over F, as long as the driving distribution is within
the reach of p.

@ Hence, for a given 0 > 0 we define ¢, 5 as above to now be
the reach of p € P.

@ The proof is then somewhat different from, but of the same
flavor as, the proof of sufficiency for the insurability theorem.
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Pseudometric

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X).

@ For 1 <r < oo and fixed xi, ..., x, € X, one can define a
pseudometric on F by

drxn(f,8) _< Z]fx, x,)) ,

and one can define

doo,x”(fa g) - lrElaXn ’f(XI) g(Xi)|'

Here f,g € F.
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Metric entropy

e Given o > 0, let N(a, F, d) denote the a-covering number of
F for any pseudometric d on F, i.e. the smallest cardinality
of a collection of a-balls in the pseudometric d that cover F.

@ The function o — log N («, F, d) is called the metric entropy
function of F under the pseudometric d.

@ Let p be a probability distribution on (X, X’). Then we have

| dy xn
Cdown sup (OCEP\/ Og/\[(ou}_, 2,X )) < Rad,,(]-", p)

|Ogn O<a<oo n
< F, do xn
< CupEp/ \/OgN(OZ?n 12X )da.
0

@ The lower bound is called Sudakov’'s bound and the upper
bound is called Dudley’s entropy integral bound.
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Uniform Glivenko-Cantelli classes and metric entropy

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X).

Theorem

F is a uniform Glivenko-Cantelli class iff for some (and equivalently for
all) 1 < r < oo it holds for all & > 0 that

1
lim = sup log N (a, F,d, ) =0.

n—oo N x"eNn

R. M. Dudley, E. Giné and J. Zinn. “Uniform and universal Glivenko-Cantelli classes”,

1991.

@ Let us specialize this result to N with its usual o-field.



Learning

Universal Glivenko-Cantelli classes and metric entropy

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X).

o Let dp(,) denote the pseudometric on F given by
> oxen [f(x) — g(x)|p(x), where f, g € F.

Theorem

F is a universal Glivenko-Cantelli class iff we have, for every o« > 0 and
every probability distribution p on N, that

N(Oz,]:, d/l(p)) < 0.

Ramon van Handel. “The universal Glivenko-Cantelli property”, 2013.
@ If we specialize this result to N with its usual o-field, we see
that every countable collection F of [0, 1]-valued functions on
N is universal Glivenko-Cantelli.
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Three questions

e F a countable collection of [0, 1]-valued functions on N.

Question 1

What is a metric entropy characterization of when F is a
Glivenko-Cantelli class in the data-derived weak sense?

@ Let P be a collection of probability distributions on N.

Question 2

What is a metric entropy characterization of when P admits F as a
Glivenko-Cantelli class in the strong sense?

Question 3

What is a metric entropy characterization of when P admits F as a
Glivenko-Cantelli class in the data-derived weak sense?
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Combinatorial characterization of uniform Glivenko-Cantelli
classes

@ Let F be a countable collection of [0, 1]-valued functions on
(X, X) (but specialize to N for our purposes).

@ Let A C X be a finite subset, and let v > 0. We say that F
shatters A at scale ~ if there are real numbers s(x),x € A
such that, for every subset B C A there is a function f € F
such that f(x) > s(x) + for x € B and f(x) < s(x) — ~y for
xeA-B.

@ The y-fat shattering dimension of F is the supremum over
cardinalities of finite sets that are shattered by F at scale ~.

F is a uniform Glivenko-Cantelli class iff its y-fat shattering dimension is
finite for all v > 0.

N. Alon, S. Ben-David, N. Cesa-Bianchi and D. Haussler.

“Scale-sensitive dimensions, uniform covergence and learnability”, .1997.



Learning

Special case: Shattering by sets

@ Let C be a countable collection of subsets of (X, X") (but
specialize to N for our purposes).
Note that we can interpret C as a special case of F comprised
of {0, 1}-valued as opposed to [0, 1]-valued functions.

o A finite set A C X is said to be shattered by C if for every
B C A there is a set C € C such that CN A = B.

@ The Vapnik-Chervonenkis dimension of C is the supremum of
the cardinalities of finite subsets of X that are shattered by C.

Theorem
C is a uniform Glivenko-Cantelli class iff its VC dimension is finite.

Vapnik and Chervonenkis, 1971; Assouad and Dudley, 1989; Dudley, Giné and Zinn,
1991.
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Three more questions

@ Let F be a countable collection of [0, 1]-valued functions on
N (in particular, consider C).

Question 4

What is a combinatorial characterization of when F is a Glivenko-Cantelli
class in the data-derived weak sense?

@ Let P be a collection of probability distributions on N.

Question 5

What is a combinatorial characterization of when P admits F as a
Glivenko-Cantelli class in the strong sense?

Question 6

What is a combinatorial characterization of when P admits F as a
Glivenko-Cantelli class in the data-derived weak sense?



The End

Thank you!
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